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Multiple Splitting for Parabolic Equations
in Almost Periodic Spaces

Agust́ın Besteiro and Diego Rial

Abstract. In this paper, we study the initial value problem for parabolic
non-autonomous equations with multiple nonlinearities. We develop a
splitting method that allows us to analyze equations with several non-
linear terms. We use the method to prove well-posedness of the frac-
tional one-dimensional nonlinear heat equation, with a potential term in
almost periodic spaces.
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1. Introduction

In this paper, we consider non-autonomous parabolic equations of the form,

∂tu + Au =
n∑

j=1

Fj(t, x, u), (1.1)

where u(t, x) ∈ X for x ∈ R
n, t > 0 and Fj : R × X → X a continu-

ous map, A is a infinitesimal generator of a strongly continuous semigroup
of operators and X a Banach space. We consider the initial value problem
u(x, 0) = u0(x). Equation (1.1) arises in several mathematical applications,
mostly those that are modelled by reaction-diffusion equations [9,10,15] and
Complex Ginzburg-Landau equations [1]. High order splitting techniques
were developed based on Lie-Trotter schemes for the numerical approximation
of solutions [8,13]. Recently, these splitting methods were used to study well-
posedness of reaction–diffusion equation [5,6] and Ginzburg–Landau equation
[3,4]. The advantage of using splitting methods is that allow us to prove re-
sults concerning the main equation analyzing the linear and non-linear parts
separately. This exchanges a difficult problem into multiple simpler ones. The
aim of this paper is to improve the splitting method with multiple non-linear
terms.
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As an example, we study a fractional heat equation with a potential term
in a subset of almost periodic functions. Heat equations with potential terms
were studied with different characteristics [2,16]. Almost periodic functions
were introduced and developed by Bohr [7], and resembles the Fourier theory.
These are well studied for reaction-diffusion equations [17]. We prove that,
if the initial condition, has specific almost periodic phases, then the solution
of the fractional heat equation with a potential term, conserves the same
phases.

This paper is organized as follows:

– Section 2 We introduce the notation and prove preliminary results con-
cerning the linear and non-linear components of the main parabolic
equation.

– Section 3 We introduce the propagators, allowing us to construct a split-
ting approximate equation. This is important to build up the linear part.

– Section 4 We obtain several results to finally prove the convergence of
the “splitting” equation to the “original” equation. This allows us to
study separately, the linear and non-linear parts, to obtain interesting
results about the original equation.

– Section 5 We expose an example, concerning a one-dimensional frac-
tional heat equation with a potential term in a subset of almost periodic
functions.

2. Notations and Preliminaries

We present our results in the more general space possible. In this sense, we
work with Banach spaces and for the applications in continuous functions
with vectorial values, that is to say, Banach space valued functions.

Let Z be a Banach space, we define Cu(Rd, Z) as the set of uniformly
continuous and bounded functions on R

d with values in Z. Defining the norm

‖u‖∞,Z = sup
x∈Rd

|u(x)|Z ,

Cu(Rd, Z) is a Banach space. It is easy to see that if g ∈ L1(Rd) and u ∈
Cu(Rd, Z) the Bochner integral is defined in the following way,

(g ∗ u) (x) =
∫

Rd

g(y)u(x − y)dy

This defines an element of Cu(Rd, Z) and the linear operator u �→ g ∗ u is
continuous (see [12]).

We consider integral solutions of the problem (1.1). If S(t) is a strongly
continuous semigroup of operators then we say that u ∈ C([0, T ], Cu(Rd, Z))
is a mild solution of (1.1) if u verifies

u(t) = S(t)u0 +
∫ t

0

S(t − t′)F (t′, x, u(t′))dt′. (2.2)
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where F (t, x, u(t)) =
∑n

j=1 Fj(t, x, u). Since our method to build solutions of
(2.2) is based on the Lie-Trotter method, it is necessary to study the non-
linear problem related to F . We remark that some regularity condition is
necessary for convergence, as it is shown in the counterexample given in [11].

Let F : R+ × R
d × Z → Z be a continuous map, we say that is locally

Lipschitz if, given R, T > 0 there exists L = L(R, T ) > 0 such that if t ∈ [0, T ]
and z, z̃ ∈ Z with |z|Z , |z̃|Z ≤ R, then

|F (t, x, z) − F (t, x, z̃)|Z ≤ L|z − z̃|Z .

In this case, for any t0 ∈ R
+, z0 ∈ Z there exists a unique (maximal) solution

of the Cauchy problem

z(t) = z0 +
∫ t

t0

F (t′, x, z(t′))dt′ (2.3)

defined on [t0, t0 +T ∗(t0, z0)), with T ∗(t0, z0) the maximal time of existence.
It is easy to see that there exists a nonincreasing function T : R2

+ → R+,
such that

T (T,R) ≤ inf{T ∗(t0, z0) : 0 ≤ t0 ≤ T, |z0|Z ≤ R}.

Also, one of the following alternatives holds:
– T ∗(t0, z0) = ∞;
– T ∗(t0, z0) < ∞ and |z(t)|Z → ∞ when t ↑ t0 + T ∗(t0, z0).

We can see that F : R+×R
d×Cu(Rd, Z) → Cu(Rd, Z), given by F (t, x, u)(x) =

F (t, x, u(x)) is continuous and locally Lipschitz. Therefore, we can consider
problem (2.3) in Cu(Rd, Z). We denote by N : R×R×Cu(Rd, Z) → Cu(Rd, Z)
the flow generated by the integral equation (2.3) as u(t) = N(t, t0, u0), defined
for t0 ≤ t < t0 + T ∗(t0, u0).

Theorem 2.1. There exists a function T ∗ : Cu(Rd, Z) → R+ such that for
u0 ∈ Cu(Rd, Z), exists a unique u ∈ C([0, T ∗(u0)), Cu(Rd, Z)) mild solution
of (1.1) with u(0) = u0. Moreover, one of the following alternatives holds:

• T ∗(u0) = ∞;
• T ∗(u0) < ∞ and limt↑T ∗(u0) ‖u(t)‖∞,Z = ∞.

Proof. See Theorem 4.3.4 in [12]. �

Proposition 2.1. Under conditions of theorem above, then
1. T ∗ : Cu(Rd, Z) → R+ is lower semi-continuous;
2. If u0,n → u0 in Cu(Rd, Z) and 0 < T < T ∗(u0), then un → u in the

Banach space C([0, T ], Cu(Rd, Z)).

Proof. See Proposition 4.3.7 in [12]. �

3. Propagators

To build the approximate solutions, we decompose the time variable in regular
intervals and consider the evolution, in an alternate form, of the linear and
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non-linear problem. To achieve this, we turn on and off each term of the
equation. The first step is to consider the abstract linear problem,

∂tu − α0(t)Au = 0,

u(s) = u0,

where α0(t) ≥ 0 and A is the infinitesimal generator of S, a strongly contin-
uous semigroup of operators defined in the Banach space X. The mild solu-
tion of the non-autonomous problem can be written as u(t) = Sα0(t, s)u0 =
S(τ(t, s))u0, where τ is defined by

τ(t, s) =
∫ t

s

α0(t′)dt′

Formally, we have ∂tu = ∂tS(τ(t, s))u0 = ∂tτ(t, s)AS(τ(t, s))u0. To analyze
the Lie-Trotter method, we define α0 : R → R a periodic function as:

α0(t) =
{

1/b0 , if k ≤ t ≤ k + b0,
0 , if k + b0 ≤ t ≤ k + 1,

(3.4)

for k ∈ Z. Given h > 0, we define the function α0h : R → R as α0h(t) =
α0(t/h). Clearly 0 ≤ α0h ≤ 1/b0 and α0h is h-periodic. We consider τh :
R

2 → R given by

τh(t, t′) =
∫ t

t′
α0h(t′′)dt′′,

The following results show that Sα0h
= Sh defines a propagator in X. We

also obtain some estimates that we will use in the following section concerning
the convergence. We can prove that

Lemma 3.1. The map τh is continuous in R
2 and satisfies

i. 0 ≤ τh(t, t′) ≤ (1/b0)(t − t′), if t′ ≤ t,
ii. τh(t, t′) + τh(t′, t′′) = τh(t, t′′), if t′′ < t′ < t,
iii. τh(t + kh, t′ + kh) = τh(t, t′), for k ∈ Z,
iv. τh(t′ + kh, t′) = kh, for k ∈ Z,
v. |(t − t′) − τh(t, t′)| ≤ h,

Proof. The first statement is a consequence of the inequality 0 ≤ α0h ≤ 1/b0.
The additivity is immediate from the definition. The third statement is a
consequence of the α0h periodicity. Using that τh(t′ + h, t′) = h, and the
additivity property we have,

τh(t′ + kh, t′) =
k∑

j=1

τh(t′ + jh, t′ + (j − 1)h) = kh.
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For the last claim, we consider t = t′ + kh + sh, with k ∈ Z and 0 ≤ s < 1,
as |1 − α0h(t)| ≤ 1/b0, then

|(t − t′) − τh(t, t′)| = |kh + sh − (τh(t′ + kh + sh, t′)|
= |(kh + sh) − τh(t′ + kh + sh, t′ + kh) − τh(t′ + kh, t′)|
= |sh − τh(t′ + kh + sh, t′ + kh)|

= |
∫ t′+kh+sh

t′+kh

dt′′ −
∫ t′+kh+sh

t′+kh

α0h(t′′)dt′′|

≤
∫ t′+kh+sh

t′+kh

|1 − α0h(t′′)|dt′′ ≤ h/b0,

that proves the last assertion. �

We define Ω = {(t, t′) ∈ R
2 : 0 ≤ t′ ≤ t} and the application Sh : Ω →

B(X) defined by Sh(t, t′) = S(τh(t, t′)), from the previous lemma have:

Corollary 1. Let S : R+ → B(X) a strongly continuous one-parameter semi-
group of operators, we have that Sh satisfies:

i. Sh(t, t) = 1.
ii. Sh(t, t′′) = Sh(t, t′)Sh(t′, t′′), if 0 ≤ t′′ ≤ t′ ≤ t.
iii. There exist constants M ≥ 1 and ω ∈ R such that ‖Sh(t, t′)‖B(X) ≤

Meω(t−t′)/b0 , for (t, t′) ∈ Ω.
iv. If u ∈ X, The map (t, t′) �→ Sh(t, t′)u is continuous.
v. If u ∈ D = Dom(A) and t′ ≤ t �= kh with k ∈ Z, then the map

t �→ Sh(t, t′)u is differentiable and we have

∂tSh(t, t′)u =
{

(1/b0)ASh(t, t′)u , if kh ≤ t ≤ (k + b0)h,
0 , if (k + b0)h ≤ t ≤ (k + 1)h,

4. Approximate Solutions

In this section, we develop the main results (Proposition 4.2 and Theorem 4.2)
that allow us to complete the splitting method. This enable us to obtain some
properties of the solutions of problem (2.2) from the approximations obtained
with the Lie-Trotter method. We define the system

{
∂tuh − α0h(t)Auh =

∑n
j=1 αjh(t)Fj(t, x, uh),

uh = uh,0,
(4.5)

with α0h(t) as in (3), uh ∈ X, t > 0, Fj : R+ × R
d × X → X is a continuous

function and X is a Banach space. We define αj with j = {1, · · · , n} as

αj(t) =
{

1/(bj − bj−1) , if t ∈ [k + bj−1, k + bj ],
0 , if t �∈ [k + bj−1, k + bj ],

(4.6)

for k ∈ Z. Given h > 0, we define the function αjh : R → R as αjh(t) =
αj(t/h). Similarly we define the integral equation:

uh(t) = Sh(t, 0)uh,0 +
∫ t

0
Sh(t, t′)

∑n
j=1 αjh(t′)Fj(t′, x, uh(t′))dt′. (4.7)
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Several well-known results can be extended to the approximate equation, for
instance, local existence theorems.

Proposition 4.1. Let uh,0 ∈ C([0, T ],Dom(A)) ∩ Lip([0, T ],X), if uh is solu-
tion of the system (4.5) then uh is solution of (4.7) for t ∈ [0, T ].

Proof. The procedure is similar to [12], Lemma 4.1.1. �

Theorem 4.1. There exists a function T ∗ : X → R+ such that for uh,0 ∈ X,
exists a unique uh ∈ C([0, T ∗(uh,0)),X) solution of (4.7) with uh(0) = uh,0.
Moreover, one of the following alternatives holds:

– T ∗(uh,0) = ∞;
– T ∗(uh,0) < ∞ and limt↑T ∗(uh,0) ‖uh(t)‖X = ∞.

Proof. The proof is similar to Theorem 4.3.4 in [12]. �

In the following proposition, we show that the solution of the inte-
gral problem (4.7) corresponds to the approximations obtained with the Lie–
Trotter method.

Proposition 4.2. Let uh the solution of (4.7), if Un,k = uh(kh + h) y Vj,k =
uh(kh + bjh), then

V0,k+1 = S(h)Un,k,

V1,k+1 = N1(kh + b1h, kh + b0h, V0,k+1),

V2,k+1 = N2(kh + b2h, kh + b1h, V1,k+1),
...

Vn−1,k+1 = Nn−1(kh + b2h, kh + b1h, Vn−2,k+1),

Un,k+1 = Nn(kh + hbn, kh + bn−1h, Vn−1,k+1),

(4.8)

where Nj is the flux associated to Fj, that is w(t) = Nj(t, t0, w0) where w is
the solution of

{
ẇ = αjh(t)Fj(t, w(t)),
w(t0) = w0.

(4.9)

Proof. For t1 ∈ (0, t) it verifies

uh(t) = Sh(t, t1)uh(t1) +
∫ t

t1

Sh(t, t′)
n∑

i=1

αih(t′)Fi(t′, x, uh(t′))dt′

using that t1 = kh y t = kh + b0h, we have

V0,k+1 = Sh(kh + b0h, kh)Un,k

+
∫ kh+b0h

kh

Sh(kh + b0h, t′)
n∑

i=1

αih(t′)Fi(t′, x, uh(t′))dt′,

given that αih(t) = 0 for t ∈ [kh, kh+b0h), we have τh(kh+b0h, kh) = h and,
therefore, V0,k+1 = S(h)Un,k. Similarly, α0h(t) = 0 for t ∈ [kh+ b(j−1)h, kh+
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bjh), then τh(t, kh + b(j−1)h) = 0 and, therefore,

uh(t) = Vj,k+1 +
∫ t

kh+b(j−1)h

n∑

i=1

αih(t′)Fi(t′, x, uh(t′))dt′,

evaluating in t = kh + bjh, we have that αih(t) = 0 for i �= j and we obtain
Vj,k+1 = N1(kh + jh, kh + (j − 1)h, Vj−1,k+1). �

Theorem 4.2. Let u ∈ C([0, T ∗),X) the solution of the integral problem (2.2)

u(t) = S(t)u0 +
∫ t

0

S(t − t′)F (t′, x, u(t′))dt′,

T ∈ (0, T ∗) y ε > 0. There exists h∗ > 0 such that if 0 < h < h∗, then
uh the solution of (4.7) with uh,0 = u0, is defined in [0, T ] and verifies
‖u(t) − uh(t)‖X ≤ ε for t ∈ [0, T ].

To prove the theorem, we need two previous lemmas. We follow the
procedure from Theorem 3.9 in [13] (see also [8]).

Lemma 4.1. Let f ∈ C([0, T ],X), if

Ih(t, t′) = (S(t − t′) − Sh(t, t′))f(t′),

then lim
h→0+

sup
(t,t′)∈ΩT

‖Ih(t, t′)‖X = 0, where ΩT = {(t, t′) ∈ R
2 : 0 ≤ t′ ≤ t ≤

T}.

Proof. Given ε > 0, there exists g ∈ C([0, T ],X) such that g(t) ∈ Dom(A)
for t ∈ [0, T ], Ag ∈ C([0, T ],X) and max

t∈[0,T ]
‖f(t) − g(t)‖X < ε.

‖(S (t − t′) − Sh (t, t′)) (f (t′) − g (t′))‖X ≤ 2MeωT/b0 max
t∈[0,T ]

‖f (t) − g (t)‖X

≤ 2MeωT/b0ε.
(4.10)

On the other hand, we have

S (t − t′) g (t′) = g (t′) +
∫ t−t′

0

S (ξ) Ag (t′) dξ,

Sh (t, t′) g (t′) = g (t′) +
∫ τh(t,t′)

0

S (ξ) Ag (t′) dξ,

subtracting both equations we obtain

(S (t − t′) − Sh (t, t′)) g (t′) = ±
∫

J(t,t′)
S (ξ) Ag (t′) dξ,

where J (t, t′) is the interval J (t, t′) =
[
min {(t − t′) , τh (t, t′)} ,max

{(t − t′) , τh (t, t′)}
]
, then

∥∥(
S

(
t − t′) − Sh

(
t, t′)) g

(
t′)∥∥

X
≤ MeωT/b0

∣∣(t − t′) − τh

(
t, t′)∣∣ max

t∈[0,T ]
‖Ag (t)‖X

≤ MeωT/b0h/b0 max
t∈[0,T ]

‖Ag (t)‖X .
(4.11)

From the Eqs. (4.10) and (4.11) we obtain the result. �
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Lemma 4.2. Let f ∈ C (ΩT ,X), with ΩT as in the previous lemma, if

Ih (t) =
∫ t

0

(αJ,h (t′) − 1) f (t, t′) dt′,

then limh→0+ supt∈[0,T ] ‖Ih (t)‖X = 0.

Proof. From the uniform continuity of f , we can see that there exists δ > 0
such that if 0 ≤ t′, t′′ ≤ t ≤ T and |t′ − t′′| < δ, then ‖f (t, t′) − f (t, t′′)‖X <
ε. Let k = 
t/h�, we can write

Ih (t) =
k∑

j=1

∫ jh

(j−1)h

(αJ,h (t′) − 1) f (t, t′) dt′ +
∫ t

kh

(αJ,h (t′) − 1) f (t, t′) dt′.

As the mean value of αJ,h is 1 in intervals of length h, for fj ∈ X we have

0 =
∫ jh

(j−1)h

(αJ,h (t′) − 1) fj dt′, (4.12)

therefore,
∫ jh

(j−1)h

(αJ,h (t′) − 1) f (t, t′) dt′ =
∫ jh

(j−1)h

(αJ,h (t′) − 1) (f (t, t′) − fj) dt′.

Let Λ = {1, · · · , n}. If h < δ and fj = f (t, jh), then ‖f (t, t′) − fj‖X < ε for
t′ ∈ [(j − 1) h, jh] and, therefore,

∥∥∥∥∥

∫ jh

(j−1)h

(αJ,h (t′) − 1) (f (t, t′) − fj) dt′
∥∥∥∥∥

X

≤ (max
J∈Λ

αJ)εh. (4.13)

If M = max
(t,t′)∈ΩT

‖f (t, t′)‖X , then we have

∥∥∥∥
∫ t

kh

(αJ,h (t′) − 1) f (t, t′) dt′
∥∥∥∥

X

≤ (max
J∈Λ

αJ )
∫ t

kh

‖f (t, t′)‖X dt′ ≤ (max
J∈Λ

αJ)Mh. (4.14)

From (4.13), (4.12) y (4.14), we can obtain

‖Ih (t)‖X ≤
k∑

j=1

(max
J∈Λ

αJ )εh + (max
J∈Λ

αJ )Mh ≤ (max
J∈Λ

αJ)Tε + (max
J∈Λ

αJ )Mh,

from where we get the result. �

Proof (Proof of Theorem 4.2). If [0, T ∗
h ) is the interval of existence of the

integral equation (4.7), for 0 ≤ t < min {T, T ∗
h} the subtraction u (t) − uh (t)

satisfies

u (t) − uh (t) = (S (t) − Sh (t, 0)) u0 +

∫ t

0

S
(
t − t′

) n∑

j=1

Fj

(
t′, x, u

(
t′

))
dt′

−
∫ t

0

Sh

(
t, t′

) n∑

j=1

αjh(t)Fj

(
t′, x, uh

(
t′

))
dt′.
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If we define

I1,h (t) = (S (t) − Sh (t, 0)) u0,

I2,h (t) =
n∑

j=1

∫ t

0

αjh(t′) (S (t − t′) − Sh (t, t′)) Fj (t′, x, u (t′)) dt′,

I3,h (t) =
n∑

j=1

∫ t

0

(1 − αjh(t′))S (t − t′) Fj (t′, x, u (t′)) dt′,

then

u (t) − uh (t) = I1,h (t) + I2,h (t) + I3,h (t) +
n∑

j=1

∫ t

0

αjh(t′)Sh (t, t′)

× (Fj (t′, x, u (t′)) − Fj (t′, x, uh (t′))) dt′.

(4.15)

Using the Lemma 4.1, using f (t) = u0, we can see that limh→0 supt∈[0,T ]

‖I1,h (t)‖X = 0. Given that,

‖I2,h (t)‖X ≤
n∑

j=1

∫ t

0

‖(S (t − t′) − Sh (t, t′)) Fj (t′, x, u (t′))‖X dt′

≤ T

n∑

j=1

sup
(t,t′)∈ΩT

‖(S (t − t′) − Sh (t, t′)) Fj (t′, x, u (t′))‖X ,

using once again Lemma 4.1 for f (t) = F (t, x, u (t)), we obtain limh→0

supt∈[0,T ] ‖I2,h (t)‖X =0. The map f (t, t′)=S (t − t′) F (t′, x, u (t′)) is contin-
uous in ΩT , therefore, from Lemma 4.2, we can deduce limh→0 sup

t∈[0,T ]

‖I3,h (t)‖X

= 0.
We consider R = max

t∈[0,T ]
‖u (t)‖X + ε and Lj the Lipschitz constant of

Fj for BR (0) ⊂ X, and
∑n

j=1 Lj = L, if we define

Jε = {0 ≤ t < min {T, T ∗
h} : ‖uh (t′)‖X < R + ε, 0 ≤ t′ ≤ t} ,

from the estimate (4.15) we obtain for t ∈ Jε:

‖u (t) − uh (t)‖X ≤ ‖I1,h (t)‖X + ‖I2,h (t)‖X + ‖I3,h (t)‖X

+ MeωT/b0L

∫ t

0

‖u (t′) − uh (t′)‖X dt′,

and from Gronwall’s Lemma

‖u (t) − uh (t)‖X ≤ eCT

(
sup

t∈[0,T ]
‖I1,h (t)‖X + sup

t∈[0,T ]
‖I2,h (t)‖X + sup

t∈[0,T ]
‖I3,h (t)‖X

)

where C = MeωT/b0L. Taking h∗ > 0 small enough, we have that
‖u (t) − uh (t)‖X < ε for t ∈ Jε and 0 < h < h∗. Then we have that

‖uh(t)‖X ≤ ‖u(t)‖X + ‖u(t) − uh(t)‖X ≤ max
0≤t≤T

‖u(t)‖X + ε = R (4.16)
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for every t ∈ Jε.
Suppose that T ∗

h < T . Let Tε = supJε and Tε < T ∗
h < T . Using

inequality (4.16) we have that ‖uh(Tε)‖X < R + ε. As uh is continuous,
there exists T1 ∈ (Tε, T

∗
h ) such that max0≤t≤T1 ‖uh(t)‖X < R + ε. Therefore,

T1 ∈ Jε and T1 > Tε. This means that Tε �= supJε, then it must be that,
Tε = T ∗

h . By definition of Jε, we have that ‖uh(t)‖X < R + ε for 0 ≤ t < T ∗
h .

But on the other hand, we have that limt→T ∗
h

‖uh(t)‖ = ∞, a contradiction.
Therefore, T ∗

h �= Tε and T = supJε, with T ≤ T ∗
h and also

‖u(t) − uh(t)‖X ≤ ε for t ∈ [0, T ] what proves the Theorem. �

5. Fractional Heat Equation in Almost Periodic Spaces

We consider the following system,
{

∂tu = σ(−∂xx)βu + |u|2u + V (x)u,

u(0) = u0

(5.17)

where u(x, t) is a complex valued function for x ∈ R, t > 0, and V (x) is a
continuous map. We define the set of almost periodic functions [7] as,

P (R) = {u ∈ Cu(R) : u =
∞∑

j=1

aje
ixλj : λj ∈ R}

equipped with the uniform continuous norm.
We use the method developed in Sect. 4 to prove well-posedness of

problem (5.17), for the following subspace of almost periodic functions,

AΛ(R) = {u ∈ Cu(R) : u =
∑

λj∈Λ

aλj
eiλjx;

∑

λj∈Λ

|aλj
| < ∞} (5.18)

where Λ ⊂ R is a enumerable set, and if λ1, λ2, λ3 ∈ Λ then λ1−λ2+λ3 ∈ Λ.
We define the norm:

‖u‖AΛ
=

∑

λj∈Λ

|aλj
| (5.19)

Remark 5.1. Λ is an empty set or a coset of a countable additive subgroup of
R. Suppose Λ �= ∅. The set of differences of elements of Λ forms a countable
additive subgroup of R, as if u = t − s and v = r − w with r, s, t, w ∈ Λ, then
u + v = (t − s + r) − w.

Let G denote this subgroup and t ∈ Λ. Then if u ∈ G we have u = s− r
with s, r ∈ Λ so t + u = t + s − r ∈ Λ. Conversely, if r ∈ Λ then r = t + u,
where u = r − t ∈ G. Thus Λ = t + G.

Remark 5.2. Without loss of generality, from now on, Λ is an infinite numer-
able set.

Lemma 5.1. AΛ(R) is a Banach space.
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Proof. Let {un}n∈N a Cauchy sequence such that un ∈ AΛ(R) ⊂ P (R). Then
{un}n∈N is a bounded sequence, that is, ‖un‖AΛ

=
∑∞

j=1 |an
j | ≤ K for all

n ∈ N. Additionally, {un}n∈N is a convergent sequence in P (R), i.e. un → u

with u ∈ P (R) and ‖u‖AΛ
=

∑N
j=1 |aj |. Therefore, we have for N ∈ N:

N∑

j=1

|aj | = lim
n→∞

N∑

j=1

|an
j | ≤ K =⇒ lim

N→∞

N∑

j=1

|aj | =
∞∑

j=1

|aj | ≤ K

On the other hand, we can define for u, v ∈ P (R):

〈u(x)v(x)〉 = lim
T→∞

1
T

∫ T

0

u(x)v(x)dx (5.20)

This limit exists and in particular, we have a normalized orthogonal system
in the following sense (see [7]):

〈eiλ1xe−iλ2x〉 = lim
T→∞

1
T

∫ T

0

eiλ1xe−iλ2x =

{
0 for λ1 �= λ2

1 for λ1 = λ2

We define a(λ) = 〈u(x)e−iλx〉. It is proved in [7] that for u ∈ P (R), u =∑∞
j=1 aje

iλjx, we have,

〈u(x)e−iλjx〉 = a(λj) = aj (5.21)

On the other hand, if μ is not a phase of u(x) then a(μ) = 0. If {un}n∈N ∈
AΛ(R) is a Cauchy sequence, then

an
j = 〈un(x)e−iλjx〉 n→∞−−−−→ 〈u(x)e−iλjx〉 = aj

where λj ∈ Λ. As (5.18) is met then u ∈ AΛ(R). �

We denote T (t) as the one parameter semigroup that solves the under-
lying linear equation

{
∂tu = σ(−∂xx)βu

u(0) = u0

Lemma 5.2. Let 0 < β ≤ 1 and gβ ∈ C0(Rd) such that ĝβ(γ) = e−|γ|2β

, it
holds gβ is positive, invariant under rotations of Rd, integrable and

∫

R

gβ(x)dx = 1.

Proof. The first statement follows from Theorem 14.14 of [14], the remaining
claims are immediate from the definition of ĝβ . �

Proposition 5.1. Let σ > 0 and 0 < β ≤ 1, the function Gσ,β given by

Gσ,β(x, t) = (σt)− 1
2β gβ((σt)− 1

2β x),

for any t > 0, it holds:

1. Gσ,β(., t) > 0;
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2. Gσ,β(., t) ∈ L1(R) and
∫

R

Gσ,β(x, t)dx = 1;

3. ∂tGσ,β + α(−∂xx)βGσ,β = 0 for t > 0;
4. Gσ,β(·, t) ∗ Gσ,β(·, t′) = Gσ,β(·, t + t′), for t, t′ > 0.

Proof. The first and second statements are a consequence of the definition of
ĝβ . The third and fourth statements are immediate applying Fourier trans-
form. �

Lemma 5.3. If u0 ∈ P (R) then T (t)u0 = Gσ,β(·, t) ∗ u0 ∈ P (R) for t > 0.

Proof. We recall the equivalent definition of Almost periodic functions from
[7]. If u0 ∈ P (R) then given ε > 0 there exists a relative dense set of transla-
tion numbers τ(ε) such that |u0(x + τ) − u0(x)| < ε. Then we have,

|T (t)u0(x + τ) − T (t)u0(x)| ≤
∫

R

|Gσ,β(y, t)u0(x + τ − y) − Gσ,β(y, t)u0(x − y) |dy

=

∫

R

|Gσ,β(y, t)| |(u0(x − y + τ) − u0(x − y)) |dy

As u0 ∈ P (R) and Proposition 5.1 we have that |T (t)u0(x+τ)−T (t)u0(x)| < ε
and T (t)u0 ∈ P (R). �

Lemma 5.4. If u0 ∈ AΛ(R) then T (t)u0 = Gσ,β(·, t) ∗ u0 ∈ AΛ(R) for t > 0.

Proof. By Lemma 5.3, we have that the limit 5.20 exists. We first consider
the following integral,

1

L

∫ L

0

(Gσ,β(·, t) ∗ u0) e−iξ.x dx

=
1

L

∫ L

0

∫

R

Gσ,β(y, t) u0(x − y) e−iξ.(x−y) e−iξ.y dy dx

=

∫

R

Gσ,β(y, t) e−iξ.y

(
1

L

∫ L

0

u0(x − y) e−iξ.(x−y) dx

)
dy

=

∫

R

Gσ,β(y, t) e−iξ.y

(
1

L

∫ −y+L

−y

u0(x) e−iξ.x dx

)
dy

We define h(y, L) as,

h(y, L) =
1
L

∫ −y+L

−y

u0(x) e−iξ.x dx

h(y, L) is bounded and verifies lim
L→∞

h(y, L) = 〈u0e
−iξ.y〉, by dominated con-

vergence theorem we have,

〈(T (t)u0)e
−iξ.y〉 = 〈(Gσ,β(·, t) ∗ u0)e

−iξ.y〉 = lim
L→∞

1

L

∫ L

0
(Gσ,β(·, t) ∗ u0) e−iξ.x dx

=

∫

R

Gσ,β(y, t) e−iξ.y 〈u0e−iξ.y〉 dy = Ĝσ,β(ξ, t) 〈u0e−iξ.y〉.
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Where 〈u0e
−iξ.y〉 is the ξ-phase coefficient of u0 as defined in 5.21. Then

if aξj
are the phase coefficients of u0 then Ĝσ,β(ξ, t)aξj

are the phase coef-
ficients of T (t)u0. Therefore, T (t)u0 maintains the same phases as u0 and
considering that Ĝσ,β(ξ, t) ∈ L∞(R) then

∑∞
j=1 |Ĝσ,β(ξ, t)a(ξj)| < ∞ and

T (t)u0 ∈ AΛ(R). �

The following Lemma proves well-posedness for the nonlinear equation,
{

∂tz = |z|2z
z(0) = z0

(5.22)

Lemma 5.5. The map F (u) = |u|2u is locally Lipschitz and F : AΛ → AΛ.

Proof. We consider, u, v, w ∈ AΛ(R), where

u =
∞∑

j=1

aje
ix(λj), v =

∞∑

j=1

bje
ix(λj), w =

∞∑

j=1

cje
ix(λj)

If dkjl = ak b̄jcl then,

‖uv̄w‖AΛ
=

∞∑

k,j,l=1

|dkjl| =
∞∑

k=1

|
∞∑

j=1

∞∑

l=1

ak b̄jcl| ≤
∞∑

k=1

∞∑

j=1

∞∑

l=1

|ak||b̄j ||cl| < ∞

Then, we have that, ‖uv̄w‖AΛ
≤ ‖u‖AΛ

‖v‖AΛ
‖w‖AΛ

.
Specifically, we have for u =

∑∞
j=1 aje

ix(λj). Then

|u|2u =
∞∑

k=1

∞∑

j=1

∞∑

l=1

akājale
ix(λk−λj+λl) (5.23)

Then λk − λj + λl = λkjl ∈ Λ and bkjl = akājal.
We can see that,

∞∑

k,j,l=1

|bkjl| =
∞∑

k=1

|
∞∑

j=1

∞∑

l=1

akājal| ≤
∞∑

k=1

∞∑

j=1

∞∑

l=1

|ak||āj ||al| = (
∞∑

m=1

|am|)3

as
∑∞

m=1 |am| < ∞ then
∑∞

m=1 |bm| < ∞. Now, we prove that F is a locally
Lipschitz map in AΛ(R). Let u, v ∈ AΛ(R),

‖F (u) − F (v)‖AΛ
=

∥∥∥|u|2u − |v|2v
∥∥∥

AΛ

≤
∥∥∥|u|2u − |u|2v + |u|2v − |v|2u + |v|2u − |v|2v

∥∥∥
AΛ

= ‖uū(u − v) + uv(ū − v̄) + v̄v(u − v)‖AΛ
≤ ‖uū(u − v)‖AΛ

+ ‖uv(ū − v̄)‖AΛ
+ ‖v̄v(u − v)‖AΛ

≤ ‖u‖AΛ
‖u‖AΛ

‖(ū − v̄)‖AΛ

+ ‖v̄‖AΛ
‖v‖AΛ

‖(u − v)‖AΛ

+ ‖v̄‖AΛ
‖v‖AΛ

‖(u − v)‖AΛ

We used that ‖u‖AΛ
= ‖ū‖AΛ

. Then,

‖F (u) − F (v)‖AΛ
=

∥∥|u|2u − |v|2v
∥∥

AΛ
≤ K ‖u − v‖AΛ

.

�
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We now analyze the non-linear problem associated with the potential
term, that is

{
∂tz = V (x)z,

z(0) = z0,
(5.24)

We consider an almost periodic potential, with a specific real phase set,
not necessarily the same phase as u0. Let Λ and G as in Remark 5.1. We
allow the potential to have complementary phases, i.e. V (x) ∈ AG(R).

Lemma 5.6. If λ ∈ Λ and g ∈ G then λ + g ∈ Λ

Proof. See Remark 5.1. �
Lemma 5.7. If V (x) ∈ AG(R) and u ∈ AΛ(R) then F (u) = V (x)u is a
bounded locally Lipschitz map and F : AΛ(R) → AΛ(R).

Proof. Let u =
∑∞

j=1 aje
ixλj and V (x) =

∑∞
k=1 bkeixgk . Then,

V (x)u =
∞∑

j,k=1

cjkeix(λj+gk)

with cjk = ajbk and by Lemma 5.6 we have that, λj+gk ∈ Λ. As
∑∞

j,k=1 |cjk| <

∞, then V (x)u ∈ AΛ(R). Additionally, F is a bounded map, noting that
‖V (x)u‖AΛ

= ‖V (x)‖AG
‖u‖AΛ

. On the other hand, we have that,

‖F (u) − F (v)‖AΛ
= ‖V (x)(u − v)‖AΛ

≤ ‖V (x)‖AG
‖u − v‖AΛ

≤ K ‖u − v‖AΛ

then F is a bounded locally Lipschitz map. �
We now join all the previous results and use the splitting method

to prove well-posedness of equation (5.17) in AΛ(R). We denote by N1 :
R × R × Cu(R) → Cu(R) the flow generated by the equation (5.22) as
u(t) = N1(t, t0, u0), and similarly u(t) = N2(t, t0, u0) the flow generated by
the equation (5.24) defined for t0 ≤ t < t0 + T ∗(t0, u0).

Theorem 5.1. If u0 ∈ AΛ(R), and u is the solution of problem 5.17 then
u(t) ∈ AΛ(R) for all t ∈ (0, T ∗(u0)).

Proof. For t ∈ [0, T ∗(u0)), let n ∈ N, h = t/n and {U2,k}0≤k≤n, {Vj,k}1≤k≤n

be the sequences given by U2,0 = u0,

V0,k+1 = T (h)U2,k,

V1,k+1 = N1(kh + 2h/3, kh + h/3, V0,k+1),

U2,k+1 = N2(kh + h, kh + 2h/3, V1,k+1), k = 0, . . . , n.

We claim that U2,k+1 ∈ AΛ(R) for k = 0, . . . , n. Clearly, the assertion
is true for k = 0. If U2,k ∈ AΛ(R), then using Lemma 5.4, we can see that

V0,k = T (h)U2,k ∈ AΛ(R).

from Lemma 5.5, we have V1,k = N1(kh + 2h/3, kh + h/3, V0,k) ∈ AΛ(R) and
from Lemma 5.7 we have U2,k+1 = N2(kh + h, kh + 2h/3, V1,k) ∈ AΛ(R). We
now recall Theorem 4.2 that assures us that U2,n → u(t) when n → ∞. As
AΛ(R) is a Banach space, we obtain the result.

�
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